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Abstract: In this paper, three novelties are presented, the type of reactor, design models, and 

design experimental factors. The upflow anaerobic filters are separated into two and 
three phases identified as DI-FAFS and TRI-FAFS (abbreviation in Spanish). The 
second novelty consists of modifying and combining the traditional models for trickling 
filter to create hybrid models. The third novelty is based on the combination of three 
experimental factors: the volumetric organic load has been set at 2.25, 3.45 and 4.64 kg 
COD m-3 d-1, the temperature at 20, 27 and 34 °C, the ratio of depths in reactors. The 
wastewater is the landfill leachate. The conceptual model is based on equations 
deduced from a mass balance under stationary conditions dS/dt = 0 and advective 
dS/dZ ≠ 0; formulating eight equations applicable to the DI-FAFS and TRI-FAFS 
reactors, resulting a R²adjusted greater than 0.7. 
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INTRODUCTION 

In many cities in developing countries, the main 
disposal methods for municipal solid waste are the 
open dumping and sanitary landfill. Uncontrolled 
dump sites are smoke with a lot of leachate generation 
causing severe environmental pollution (Chandrappa 
and Das, 2012). The composition of landfill leachate 
varies greatly, depending on waste quantity and 
composition, the decomposition rate and age of the 
waste, and landfilling technology (Kängsepp et al., 
2008; Wojciechowska and Obarska-Pempkowiak, 
2008). The strong raw leachate from the new landfill 
has a COD of 14 000 mg/l, a BOD/COD ratio of 0.7 
(Henry et al., 1987). The partially stabilized leachate 
from the older landfill has a COD varying between 
3000 and 3750 mg/l, a BOD/COD ratio approximated 
to 0.3.  This creates the need to develop leachate 
treatment systems mainly of the biological type like 
wetland (Wojciechowska and Obarska-Pempkowiak, 
2008) or biological filters (Kängsepp et al., 2008); 
which attempt to remove the pollutants to reduce the 
environmental load and protect the surface water and 
groundwater.  

Regarding to the design models for wastewater 
treatment systems with biofilm attached, these are used 
to estimate the performance in the organic matter 
removal. The most important design models are the 
following: 1) the rotary biological contactors (Chesner 
et al., 2012); 2) the trickling filters (Velz, 1948; Stack, 
1957; Schulze, 1960; Germain, 1966; Yang et al., 
2011); 3) the activated biofilters (Arora and Umphres, 
1987); 4) the submerged filters (Marquez and Navas, 
2002); and 5) the anoxic and anaerobic biofilm 
systems (Maldonado et al., 2017).  

Among the biofilters, one of the most used for the 
wastewater treatment is the trickling filter (Luo et al., 
2014). For this reason, there is a lack of design 
equations for anaerobic biological filters. From 
Schulze (1960), a type of mathematical modeling has 
been carried out under two conditions using the same 
mathematical structure for trickling filter: advective 
and non-stationary conditions. Germain (1966) 
modifies the equation proposed by Schulze (1960) to 
estimate the performance of the trickling filter under 
advective and non-stationary conditions by making a 
generalization of the power of the hydraulic load 
included within the contact time. Yang et al. (2011) 
perform a mathematical modeling on a derivative of 
second order with respect to the substrate, to the 
horizontal direction of entry of the substrate into the 
biofilm of biofilter. Arora and Umprhes (1985) 
propose a mathematical structure for a variant of the 
trickling filters called activated biofilter modifying the 
model proposed by Phepls (1944) and Velz (1948) 

expressing the contact time as a function of the 
volumetric organic load (VOL). Wang et al. (2015) 
proposes a regression model for the removal of 
ammonium in a biofilter based on the addition of 
functional nitrogen genes to contribute to nitrification. 

In this investigation, upflow anaerobic filters 
separated in two and three phases have been selected 
to treat the leachate generated from “El Guayabal” 
sanitary landfill located in the coordinates: N: 
08°00'48,83'' E: 72°30'44,14'', Colombia. This sanitary 
landfill has been operated from 15 years ago; receiving 
an average of solid waste generated of 850 t d-1 from 
20 Municipalities (Perozo, 2015).  

In this study, three novelties are presented, the type 
of reactor, design models, and design experimental 
factors. With respect the reactor type, it is tested the 
assemblage of upflow anaerobic filters separated in 
two and three phases identified as DI-FAFS and TRI-
FAFS (abbreviation in Spanish). The support media 
are plastic tubes on which the microorganisms are 
attached. The most studied biological filter is the 
trickling filter, which is an aerobic biological filter 
(Water Pollution Control Federation, 1988). There is a 
lack of studies about of anaerobic filter performance. 
The main advantage of anaerobic filter is that 
reproduce the natural condition of the soil.  

The second novelty consists to create hybrid models 
by combining the equations proposed by trickling 
filters to explain the performance of DI-FAFS and 
TRI-FAFS reactors. The hybrid models are based on 
the superposition of effects of variables contained in 
the following equations: 1) (Germain, 1966; Albertson 
and Davies, 1984), 2) (Van’t Hoff, 1884; Shulze, 1960; 
Germain, 1966; Albertson and Davies, 1984), and 3) 
(Shulze, 1960; Germain, 1966; Albertson and Davies, 
1984).  

The third novelty is based on the combination of 
three experimental factors: the volumetric organic load 
(VOL) has been set at 2.25, 3.45 and 4.64 kg COD m-3 
d-1, the temperature at 20, 27 and 34 ° C, the ratio of 
depths in reactors. In this study, it is considered the 
substrate concentration in the control volume of the 
biological filter through the VOL. Likewise; the 
residual liquid temperature is tested in a typical range 
that occurs in a tropical country. The maximum 
temperature of 34°C has not been evaluated under 
experimental conditions in biological filter studies, 
however, this is a common temperature value in 
tropical countries. 

 
MATERIALS AND METHODS 
 
This research has been developed by the following 
activities:  
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Design and construction of the DI-FAFS and TRI-
FAFS reactors 
 
In the DI-FAFS reactor, Phase 1 with a volume V1 and 
Phase 2 with a volume V2; the total volume of the 
reactor is Vtotal = 3.8 L. The sum of the depths of the 
phases is of 1.20 m. The heights of each series were 
varied based on the percentage ratio Phase1/Phase2 in 
DI-FAFS and TRI-FAFS: 80%/20%; 50% 50% and 
20%/80% of the total depth (Fig. 1).  
 
Acclimatization of the DI-FAFS and TRI-FAFS 
reactors 
 

The adaptation of the previously adhered biofilm was 
achieved by supplying a volumetric mixture of 
municipal wastewater to the reactors of: Series 1 [low]: 
1700 mg/l; Series 2 [medium]: 2600 mg/l and Series 3 
[high]: 3500 mg/l.  
 
Start-up and operation of the DI-FAFS reactors 
In the experimental design, it was established that the 
temperatures of the substrate during the operation of the 
reactors would be 20°C (low), 27°C (medium) and 
34°C (high). The treatment of the leachates in the DI-
FAFS and TRI-FAFS reactors was started with a 
constant temperature of 20ºC in all the series, but with 
variable VOLs in each of them, as follows: Series 1 
VOLlow = 2.25 kg/m3d, Series 2 VOLmedium = 3.45 
kg/m3d and Series 3 VOLhigh = 4.64 kg/m3d. 
 
Development of mathematical models for the DI-
FAFS and TRI-FAFS reactors 
 

The calibration and validation of the models were 
carried out to determine the best models of statistical 
adjustment that allows to predict the concentration of 
organic matter (COD) in the effluents of the DI-FAFS 
and TRI-FAFS. 
 
THEORETICAL FORMULATIONS 
 

The formulation of hybrid models is a combining the 
conceptual and empirical approaches based on the mass 
balance and the derivation of the parametric equations 
of the components included in the balance from the 
experimental data.  

The mass balance corresponding to the organic 
matter contained in the liquid volume into the upflow 
anaerobic filter can be observed in the Eq. 1: 

          (1)                                         

where : rate of the substrate accumulation 
with the time into of the system limits, Q: volumetric 
ratio, m³/d, QS: quantity of substrate entering to the 

element volume, : quantity of 
substrate leaving the element volume, rs: rate of organic 
matter flow into the biological layer, : flow of the 
substrate from the elementary volume to the interior of 
the biological film, : section width, m, Z: depth of the 
filter, m. Assuming stationary conditions 

, Eq. 2 can be simplified to derive at: 

      (2) 

Atkinson and Davies (1974) have adapted the Equation 
of Monod, generated under experimental conditions 
showing that the substrates or the nutrients to the 
growth of the microorganisms are presents in limited 
quantities. The mathematical solution of Eq. 2 is 
obtained by integrating between the limits Se and Si; 0 
and D, which is represented by Eq. 3: 

        (3)  

where Se is concentration of organic matter in the 
effluent, mg/l; Si is Concentration of the organic matter 
in the affluent, mg/l after mixing the residual water to 
be treated, mg/l, f is factor of the proportionality, ; 
thickness of the biological film, m; k0: maximun rate of 
reaction, d; mean concentration of the substrate 
expressed as BOD5 or COD in an elemental volume 
within a liquid mass, mg/l, w: thickness of the 
biological layer. 

Equation 4 is equivalent to the reaction kinetics of a 
substrate such as BOD formulated according to a first-
order derivative proposed by (Phelps, 1944): 

       (4) 

where Lt is the quantity of BOD of the first phase 
remaining in the water at time t(d), and k is the reaction 
constant (1/d). The integration of Eq. 4 between Se and 
Si, t = 0 and t; results in Eq. 5:  

    (5) 

Combining Eq. 3 with Eq. 5, the parameter k can be 
explained in terms of f, h and k0 (Eq. 5); at the same 
manner t is equal to wD/Q (Eq. 3); transforming a 
mathematical expression dependent on principles of the 
kinetics by a geometric relations associated with the 
depth of the filter (D) as it has been proposed by 
Howland (1958). 

k = fhk0                     (6)    

t =  wD/Q (7) 

Equations 67 are modified to incorporate the 
concentration of the substrate in the inflow  and 
express the wastewater flow  in terms of the 
volumetric organic load as it has been proposed by (Yu 
et al., 1998) considered in this study as a variable that
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SERIES

NUMBER REACTOR

TIME OF HYDRAULIC RETENTION, hours

TOTAL REACTOR VOLUME, liters

VOLUMETRIC FLOW, ml/minute

PHASE II

50% 50% 50%

80% 80%

PHASE I 80% 80% 80%

50% 50% 50%

PUMPS

                TANK OF SUPPLY

ORGANIC VOLUMETRIC LOAD, kg/m3-d OVL1 Low OVL2 Medium OVL3 High

2.25 3.45 4.64

ORGANIC CONCENTRATION, mg/l 1700 2600 3500

T1 = 20ºC T1 = 20ºC T1 = 20ºC

TEMPERATURE °C T2 = 27ºC T2 = 27ºC T2 = 27ºC

T3 = 34ºC T3 = 34ºC T3 = 34ºC

18 18

SERIE 1 SERIE 2 SERIE 3

R1 R2 R3 R1 R2 R3 R1 R2 R3

18 18 18 18

3.5 3.5 3.5 3.5 3.5 3.5 3.5 3.5 3.5

18 18 18

3.8 3.8 3.8

20% 20% 20%

80%

3.8 3.8 3.8 3.8 3.8 3.8

20% 20% 20%

B
B B B B B B B B B

 
Fig. 1 General set of the TRI-FAFS reactors. 

 
affects the description of the general kinetics of the DI-
FAFS and TRI-FAFS reactors, resulting in Equations 8 
and 9: 

k = fhk0Si                         (8) 

t =  wD/QSi; Being t = COV-n (9) 

The Eqs. 89 have been modified to create 
empirical mathematical expressions for an upflow 
anaerobic filter with a plastic support medium, giving 
as a result the equations indicated in the Table 1. The 
Equations 10 and 14 are based on the equations 
proposed by a combination of two models for 
estimating the constant of treatability, which include in 
their original equations the following variables: Model 
proposed by Germain (1966): (1) filter depth, (2) 
wastewater flow, and (3) Specific surface. Model 
proposed by Albertson and Davies (1984): ratio of two 
different depths.  

The Eqs. 1112 and Eqs. 1516 are a combination 
of four models. These models are the two models 
described by Equations 12 to 16 superimposed with the 
model of Van’t Hoff (1884): temperature of liquid, 
Shulze (1960): constant of treatability for liquid 
temperature of 20°C. The equations have been 
proposed by (Van’t Hoff, 1884; Shulze, 1960; 

Germain, 1966; Albertson and Davies, 1984). The Eqs. 
1317 refer to the equations obtained by (Shulze, 1960; 
Germain, 1966; Albertson and Davies, 1984). The 
novelties introduced by these proposed equations are: 
1) the substitution of wastewater flow by the 
volumetric organic load (VOL), taking into account the 
wastewater concentration and flow in the affluent, and 
the reactor volume 2) Introduction of hydraulic and 
biological variables to contribute to increase the 
explanation of the dependent variable represented by 
the concentration of organic matter in the effluent (Se). 
The technique of applied mathematical modeling is 
forward, which consists of adding variables in each 
new model to improve the fit of the model, continuing 
the process until there is a moment that adding another 
term does not improve the model considerably 
(Gutierrez and De la Vara, 2004). 

 
RESULTS  

Comparison of DI-FAFS and TRI-FAFS reactors 
with other reactors 

By comparing of the experimental conditions and 
performance of the biological filters constructed on a 



Maldonado, Márquez, Guevara, Pérez, and Rey 

Journal of Urban and Environmental Engineering (JUEE), v.15, n.1, p.68-77, 2021 

72

Table 1. Equations proposed for the design of the upflow anaerobic filter separated in two (DI-FAFS) and three phases (TRI-FAFS). 

N° Equation Parameters 
 DI-FAFS Reactor  

10  k, x, n 
11  k, A, x, n 
12  k, A, x, n 
13  k, x, m, p, n 
 TRI-FAFS Reactor  

14  k, x, y, n 
15  k, A, x, y, n 
16  k, A, x, y, n 

17  k, x, y, m, p, n 

 
laboratory scale, whose contact media are constituted 
by natural and synthetic media reported by different 
researchers with those belonging to this study. The 
experimental conditions that have been found for the 
design of the DI-FAFS and TRI-FAFS (Fig. 1) 
anaerobic reactors of this study are different to those of 
the percolating filters and anaerobic reactors as follows: 

Shulze (1960) provided VOLs to trickling filters as 
COD varying among 2.25, 3.45 and 4.64 kg m3/d, both 
for the treatment of organic compounds from 
wastewater expressed as BOD5 and COD, respectively. 
The filters were considered shallow between 0.9 and 
1.8 m. The biofilter support medium was synthetic in 
this study and Yu et al. (1998); of metal mesh in 
Schulze (1960). In general, the removal efficiency of 
the organic matter can be attributed to the 
characteristics of the medium being remarkable that 
Schulze included 7 layers based on the medium of 
metal support for the biofilm and ratio of recirculation 
of effluent and sludge between 0 and 3; obtaining 
efficiencies between 58 and 73%. Yu et al. (1998) 
incorporated a polyurethane foam with high specific 
surface area reported equal to 1560 m2/m3 obtaining 
efficiencies of 92%; while in this investigation two and 
three stages were included with a specific surface area 
of 476.35 m2 m-3; obtaining efficiencies in the DI-
FAFS reactor between 27 and 72.86%, while in the 
TRI-FAFS (Fig. 1) reactor between 84 and 95%, which 
could suppose that the upflow anaerobic filter ensures a 
biofilm with a better segregation of the microorganisms 
to the treatment processes according to the nature of the 
residual liquid remaining of the subsequent phases, 
providing a better performance than the uniform 
multilayer trickling filters (Schulze, 1957; 1960) and 
the single-phase trickling filters with a synthetic 
material corresponding to high specific surface area 
(Yu et al., 1998). 

The separated phases of the trickling filters of 
synthetic support medium and organic affluent up to 
two stages have been applied by Germain (1966) 
coinciding with this investigation; it could also be 

considered that it fixed a higher hydrodynamic 
condition, based on reaction units of depth equal to 6.5 
m in each stage; including a ratio of recirculation of the 
effluent and sludge between 1 and 2; as well as a range 
of VOLs that vary between 0.16 and 0.96 kg m³/d. 
Germain (1966) showed that recirculation did not have 
a statistically significant effect on the removal of BOD5 
for filters deeper than 3 ft; and, therefore on the 
treatability parameter k, so that it has no impact on the 
coefficients of Eqs. 1017; being equivalent to the 
scheme proposed by the present study. When 
comparing the results of the DI-FAFS and TRI-FAFS 
(Fig. 1) treatment systems corresponding to ranges of 
organic matter removal efficiencies between 27 and 
72.86%; 84 and 95%; these systems would be in an 
equivalent capacity with their separate phases of 
replacing the recirculation line of the effluent and 
sludge to the reaction unit as the multiphase-multilayer 
system executed by Germain (1966). 

Wang et al. (2015) have applied residual water 
based on ammonium, NH4 

+ -N to a charge in biofilters 
constituted by polyurethane sponge; obtaining removal 
efficiencies of NH4

+ between 67.3 and 92.7% and COD 
between 97.7 and 99.3%. The study by Wang et al. 
(2015) includes four layers; which have given 
comparable results with the TRI-FAFS (Fig. 1) reactor 
being the level of removal of the COD reached by 
including this third phase estimated at 84-95%; this is 
attributed to the fact that the number of layers or phases 
significantly influences the efficiency of elimination of 
organic matter from biological filters. 

Schulze (1960); Yu et al; (1998) have reported 
variation in the temperature of the residual liquid 
within the experimental design as one of the control 
factors like the present study as follows: 14.122.1°C; 
1619°C; 15.127°C; 35°C; 20, 27 and 34°C; 
respectively. According to Metcalf and Eddy (1996) in 
an anaerobic digestion process of organic waste the 
optimum temperature ranges are mesophilic (30 to 
38°C) and thermophilic (49 to 57°C). In general, the 
results that have been found are comparable in terms of 
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this characteristic of the residual liquid to be treated; 
specifically for a temperature of 20°C. This 
temperature is common for all the referenced studies; 
so this is a fact that directly influences the treatability 
constant that reflects the activity of microorganisms as 
established by Van’t Hoff Arrhenius; (1884). In an 
extreme case, the maximum temperature is of 
approximately 35°C (Metcalf and Eddy, 1996); which 
is tested only by Yu et al. (1998) and this study; 
confirming that there is dependence on the temperature 
of the constants of the speed of the biological reaction; 
which influences not only the metabolic activities of 
the microbial population; but also has effects on the 
rate of gas transfer as methane (CH4) and carbon 
dioxide (CO2) occurred in an anaerobic digestion 
process as referred by Metcalf and Eddy (1996); hence, 
this variable is a significant factor in Eqs. 1112 and 
Eqs. 1516 proposed in this study, which are derived 
on the basis of the relationships proposed by Van’t 
Hoff Arrhenius (1884) and Albertson (1984). Howland 
(1958) made an inclusion of the temperature factor as 
has been done in Equations (12) and (16) finding a 
coefficient of temperature A of 1.035, which is 
approximated to the one reported for the statistical 
adjustment of the DI-FAFS and TRI-FAFS (Fig. 1) 
reactors. The mean values of coefficient A are: DI-
FAFS: 1.04797; TRI-FAFS (Fig. 1): 1.01381. 
 

Comparison of experimental conditions for the 
analysis of the process of an upflow anaerobic filter 
separated in three phases (TRI-FAFS) 
 

As a sample, the results of the COD and removal rate 
for the analysis of the process of an upflow anaerobic 
filter separated in three phases (TRI-FAFS) are 
presented for temperatures of 20°C in Fig. 2. In the 
Figs. 2a2c, the COD in the affluent is constant of 
1700 mg/l. The figures show two types of trends. 
During the first period, which comprise to 40 days, the 
COD in the effluent to the TRI-FAFS reactor is 
decreasing from 1400 and 1000 mg/l. During the 
second period, comprising between 40 and 80 days, the 
COD in the effluent to the TRI-FAFS reactor is 
decreasing from 1000 to 300 mg/l. The removal rate is 
increased from 40% to 90%. In general, for 20°C and 
the three concentrations in the affluent, the CODs vary 
between 0 and 500 mg/l and the removal rates vary 
between 82 and 88%.  
 

Comparison of the statistic adjustment of the 
models for the design of upflow anaerobic filter 
separated in two and three phases 
 
The results of the parameters included in the equations 
proposed for the design of the upflow anaerobic filters 
separated in two and three phases are shown in the 

Tables 23, which contain the mean, minimum and 
maximum values of the parameters in the Eqs. 1013. 
As a sample, the parameters of the Equation 12 are 
presented: k: 0.61333, 0.19135, 1.03531; A: 1.05137, 
1.0288, 1.07393; x: 0.0626, 0.18146, 0.05607; n: 
0.13010, 0.35332, 0.61352.  By comparing the results 
of mean values of the parameters from Eqs. 913, k 
varies between 0.037 and 0.8363; x is a negative value, 
varying between 0.0626 and -0.3313; A between 
1.03783 and 1.05137; n between -0.1107 and 0.13010. 
These ranges of values are close, which indicate that 
the contribution of each parameter has a similar weight 
to explain the value of response variable represented by 

 or the COD remaining. In general, the standard 
error trends to be below of mean value of the 
parameters.  

By comparing the value of the adjustment statistics 
of the data to the mathematical models 10 to 13 for the 
design of the upflow anaerobic filter separated in two 
phases (Table 4), the following aspects can be 
observed: a) the number of independent variables into 
each equation proposed varies between 3 and 5, b) the 
number of data in the calibration stage is 18, c) the 
number of data in the validation stage is 9, d) The 
determination coefficient indicates that between 0.68 
and 0.89 of the variation observed in Se is explained by 
the Eqs. 1013 with respect to the total variability, e) 
the coefficient of determination adjusted (R²adjusted) is 
the variable of preference in contrast with the 
determination coefficient (R²) due to that this allows to 
measure if each new term added to the equation 
contributes to the explanation of the response variable, 
Se. The terms in the Eqs. 1013 are increased from 3 to 
5 independent variables. In this case, R²adjusted is 
increased from 0.63 to 0.87 by increasing the terms 
from Eqs. 1012, however this coefficient decreases by 
increasing to 5 terms in Eq. 13; meaning that the terms 
associated to the Sa1: surface area of the filter in phase 1 
in m² and Sa2: surface area of the filter in phase 2 in m2 
do not contribute to the explanation of Se as this is 
observed by adding the residual liquid temperature in 
the affluent in °C in Eqs. 1113. The standard error of 
estimation and the mean absolute error give as a result 
the values of 211 and 141 in the Eq. 12 close to the 
minimum in Eq. 11. The residues are smaller by 
comparing with the rest of equations. The Durbin-
Watson statistic (d) estimated is into the range of the 
limits to the test with dL and dV selected to a significant 
level  = 0.05; finding that there is not decision 
regarding to if the autocorrelation is occurring between 
consecutive residues. The Eq. 12 is the model that best 
fits to the data; resulting in a combination of 
independent variables that estimate Se values from the 
observations derived from the experiment. 
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Figure 2. Chemical Oxygen Demand (COD) and removal rate for the analysis of the process of an upflow anaerobic filter separated in three 
phases (TRI-FAFS) under liquid residual temperature of 20°C. 

 
Table 2. Parameters of equations proposed to the design of the upflow anaerobic filter separated in two phases. 

Equation N°  Parameters Mean Standard Error Mínimum Maximum 

10 

K 0.8363 0.39664 0.00913 1.68175 
X 0.2146 0.07236 0.36894 -0.06045 
N 0.0980 0.34536 0.63804 0.83426 

11 

K 0.34157 0.12811 0.0667 0.61634 
A 1.03783 0.01037 1.0155 1.06009 
X -0.1267 0.05094 0.2359 -0.01746 
N 0.12361 0.20767 0.3218 0.56902 

12 

K 0.61333 0.19674 0.19135 1.03531 
A 1.05137 0.01052 1.0288 1.07393 
X 0.0626 0.05537 0.18146 0.05607 
n 0.13010 0.22539 0.35332 0.61352 

13 

k 0.0376 0.0894 0.1555 0.2308 
x 0.3313 0.2378 0.8452 0.1825 
m 0.2601 0.4259 1.1804 0.6602 
p 0.5626 0.4576 1.5512 0.4260 
n 0.1107 0.3102 0.7809 0.5595 

 
Table 3. Statistics of adjustment of the equations proposed for the design of the upflow anaerobic filter separated in two phases. 

Eq. p n1 n2 R2 R2
adj. SEE MAE d dL dV RAL 

(10) 3 18 9 0.68 0.63 327 246 1.49 1.1 1.5 0.19 
(11) 4 18 9 0.89 0.86 193 124 1.89 0.9 1.7 0.03 
(12) 4 18 9 0.89 0.87 211 141 1.55 0.9 1.7 0.21 
(13) 5 18 9 0.71 0.62 281 188 1.87 0.9 1.8 -0.11 

p: number of independent variables, n1: number of data in the calibration stage, n2: number odf data in the validation stage, R2: determination coefficient, 
R2adj.: coefficient of determination adjusted, SEE: Standard Error of Estimation, MAE: mean absolut error, d: statistic of Durbin-Watson, RAL: residual 
autocorrelation in lag 1 
 

The adjustment statistics of the data to the 
mathematical Eqs. 1417 for the design the upflow 
anaerobic filter separated in three phases can be 
observed in Table 5. The terms in the Eqs. 1417 are 
increased from 4 to 6 independent variables. In this 
case, R²adjusted is increased from 0.78 to 0.90 by 
increasing the terms from Equations 14 to 16; however 
this coefficient decreases by increasing to 6 terms in 
Eq. 17, meaning that the terms associated to the Sa1: 
surface area of the filter in phase 1 in m2 and Sa2: 
surface area of the filter in phase 2 in m2 does not 
contribute to the explanation of Se as this is observed by 
adding the residual liquid temperature in the affluent in 

°C in Eqs. 1516. The standard error of estimation and 
the mean absolute error give as a result the values of 
42.4 and 30.30 in the Eq. 16 being the minimum 
regarding to the rest of equations. The Durbin-Watson 
statistic (d) estimated is into the range of the limits to 
the test with dL and dV selected to a significant level  = 
0.05; finding that there is not decision related to if the 
autocorrelation is occurring between consecutive 
residues. The Eq. 16 is the model that best fits to the 
data; resulting in a combination of independent 
variables that estimate Se values from the observations 
derived from the experiment. 
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Table 4. Parameters of equations proposed to the design of the upflow anaerobic filter separated in three phases. 
Equation N°  Parameters Mean Standard Error  Minimum Maximum 

(14) 

K 5.6316 3.15813 -1.14194 12.4051 
X 0.1237 0.12942 -0.15386 0.40130 
Y 0.3296 0.24754 -0.20128 0.86056 
N 0.1498 0.08958 -0.04227 0.34200 

(15) 

K 2.35958 1.02244 0.150735 4.56843 
A 1.01855 0.00695 1.00353 1.03358 
X 0.06773 0.09419 -0.1357 0.27122 
Y 0.20337 0.18790 -0.2025 0.60932 
N 0.06117 0.07350 -0.0976 0.21996 

(16) 

K 7.12703 2.6687 1.36164 12.8924 
A 1.01733 0.00348 1.0098 1.02487 
X 0.23998 0.08503 0.05628 0.42369 
Y 0.49974 0.15116 0.17317 0.82631 
N 0.13613 0.07302 -0.0216 0.29389 

(17) 

K 0.52555 97.3742 -208.322 209.373 
X 0.76322 40.1529 -85.3563 86.8828 
Y 2.32336 99.306 -210.667 215.314 
M -0.28398 32.425 -69.8289 69.261 
P -1.06191 52.487 -113.636 111.512 
N 0.09727 1.3858 -2.87497 3.06952 

 
Table  5. Statistics of adjustment of the equations proposed for the design the upflow anaerobic filter separated in three phases 

Eq. p n1 n2 R2 R2
adj. SEE MAE D dL dV RAL 

(14) 4 18 9 0.82 0.78 62.35 42.91 1.41 0.93 1.69 0.32 
(15) 5 18 9 0.90 0.87 48.56 32.24 2.14 0.82 1.87 -0.09 
(16) 5 18 9 0.93 0.90 42.24 30.30 1.74 0.82 1.87 0.081 
(17) 6 18 9 0.86 0.81 55.08 32.98 1.55 0.71 2.06 0.168 

p: number of independent variables, n1: number of data in the calibration stage, n2: number odf data in the validation stage, R²: determination coefficient, 
R2adj.: coefficient of determination adjusted, SEE: Standard Error of Estimation, MAE: mean absolute error, d: statistic of Durbin-Watson, RAL: residual 
autocorrelation in lag 1. 

 
As a sample, in the calibration stage of the Eq. 12 

for the design of the upflow anaerobic filter separated 
in two phases (DI-FAFS) is found the relation between 
variables that contribute to explain the adjustment of 
the data observed to the equations proposed 
represented in graphs as follows (Fig. 3): (a) the 
values Se observed against the values Se estimated in 
mg l-1 show a close approximation to the linear ratio 
1:1, many of these are located on the linear 
representation (Fig. 3a), and (b) the residual 
autocorrelation is not significant in the series of 
experimental observations in k periods, the bars in the 
diagram do not exceed the limits of autocorrelation, 
which means that the Eq. 12 describes the dynamic 
structure of the series of observations each k periods 
(Fig. 3b). The residues are distributed randomly, 
indicating that the estimated variable by the Equation 
12 does not follow a pattern and the equation is 
adjusted to the set of observed values corresponding to 
Se (Fig. 3c). The residues are fitted to the normal 
probabilistic distribution function because of the most 
of estimated values are superimposed on the linear 
graph (Fig. 3d).  
 

 

DISCUSSION 

Equations 1017 explain the operation of the DI-FAFS 
and TRI-FAFS reactors, being the result of the 
adaptation of the formulated equations for trickling 
filters and anaerobic biofilters; finding similarity in the 
magnitude of the parameters of the residual liquid 
temperature (A) with the values reported by (Howland, 
1958) for the value proposed by Vant’Hoff (1884) and 
the power of the Organic Load Volumetric (n) as (Arora 
and Umphres, 1987). 

Equations 1216 are proposed for the design of 
anaerobic upflow filter separated in two phases and 
three phases DI-FAFS and TRI-FAFS, respectively; 
resulting in a combination of independent variables that 
estimate the values of Se approximated to the 
observations derived from the experiment. The 
independent variables are: the depth ratio of the 
separated filters in phase 1 with respect to phase 2 
(D1/D2), the depths in phase 2 with respect to phase 3 
(D2/D3), the temperature of the residual liquid T, and 
the volumetric organic load (VOL); corresponding to 
the three factors set in the experimental design. In both 
cases, the value of the power  is positive and in a 
range between 0 and 1. This power substituted in Eqs. 
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1216 represents an equivalent to the contact time of 
the substrate  with the microorganism to achieve the 
removal of the affluent substrate to the DI-FAFS or 
TRI-FAFS filter, as it can be verified in the formulation 
represented by Eq. (9). Equations 1216 resulted in a 
R²adjusted greater than 0.7; the standard error of 
estimation and the absolute average error resulted in the 
minimum value in Eqs. 1216 with respect to the rest 
of the equations. 

The separated phases of the trickling filters of 
synthetic support medium and organic affluent up to 
two stages have been applied by Germain (1966) and 
Lou et al. (2014) coinciding with this investigation. In 
the first, the reaction unit has depth of 6.5 m and in each 
stage; a ratio of recirculation of the effluent and sludge 
between 1 and 2; a range of VOLs that vary between 
0.16 and 0.96 kg BOD5 m-3 d-1. In the second, the 
reaction unit has depth of 0.6 m in each stage; there is 
not recirculation of the effluent; a range of VOLs that 
vary between 0.16 kg COD m-3 d-1. Germain (1966) 
showed that recirculation did not have a statistically 
significant effect on the removal of BOD5 for filters 
deeper than 3 ft; and therefore on the treatability 
parameter k (Eqs. 1017); being equivalent to the 
scheme proposed by the present study. Lou et al. (2014) 
found COD removal efficiencies greater than 90%. The 
results of the DI-FAFS and TRI-FAFS treatment 
systems are compared in terms of the ranges of organic 
matter removal efficiencies, which vary between 27 and 

72.86%; 84 and 95%. These systems would be in an 
equivalent capacity with their separate phases of 
replacing the recirculation line of the effluent and 
sludge to the reaction unit as the multiphase-multilayer 
system executed by Germain (1966) and Lou et al. 
(2014). There is equivalence between the COD removal 
efficiency obtained for a trickling filter separated in two 
stages with respect the TRI-FAFS reactor.  

 
CONCLUSIONS 

1) The number of stages or phases of the novel 
biological filters influences the removal of the COD. 
The COD removal efficiencies are increased between 
1.3 and 3.5 times from DI-FAFS reactor to TRI-FAFS 
reactor.  
2) The novel hybrid models created from the 
modification and adaptation of the formulated equations 
for trickling filters have given significant statistically 
results, finding that the Equations (12) to (19) explain 
the operation of the DI-FAFS and TRI-FAFS reactors 
through the COD removal in a successful proportion, 
especially in the TRI-FAFS reactor.  
3) The novel combination of three experimental factors 
has given significant statistically results, the Equations 
(12) and (16) are proposed for the design of anaerobic 
upflow filter separated in two phases and three phases 
DI-FAFS and TRI-FAFS, whose independent variables 
are the three experimental factors: (1) the depth ratio of 

 

 

 
Fig. 3. Adjust of the data for estimating of the substrate concentration in the effluent  to the Eq. 12 in the stage of the calibration of 
design model of the upflow anaerobic filter separated in two phases: (a) Se observed mg l-1 against Se estimated mg l-1, (b) autocorrelation of 
residues, (c) estimation of the residual against Se estimated, and (d) adjust of the residues to a normal distribution function. 
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the separated filters in phase 1 with respect to phase 2 
(D1/D2), the depths in phase 2 with respect to phase 3 
(D2/D3), and (2) the temperature of the residual liquid T, 
and 3) the volumetric organic load (VOL). 
4) The phases of hydrolysis, acidogenesis and 
methanogenesis associated with an anaerobic process 
according to Metcalf and Eddy, 1996 could have 
occurred due to the high removal of organic matter 
obtained in the TRI-FAFS reactor; this could be 
confirmed by installing liquid phase separators-biogas 
CH4 and CO2 at the output of each phase; in a 
progressive measure from lower to higher production 
towards the methanogenesis phase. Additionally, it 
could be confirmed with a sampling of bacterial 
prevalence in each phase. 
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