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Abstract: A mathematical model of the clogging of the porous backfill of the bio-plateau filter in 

the process of water purification was developed based on the profile filtration scheme, 
which takes into account the removal of part of the water from the bulk of the bio-
plateau filter backfill. According to the assumption, the proposed technical 
improvement would help the stability of the bio-plateau filter during a longer period of 
operation. The assumption was validated by a numerical experiment. The authors took 
into account the degree of the clogging of the pore space of filter backfill and bottom 
drainage with mineralized sediment and the accumulation of silt in the bottom part of 
the bio-plateau filter. These processes reduce the supply of oxygen to the root system of 
plants which can lead to a decrease in the efficiency of the structures, peptization of 
sediment, and secondary water pollution. The numerical solution of the developed 
mathematical model in the form of a nonlinear boundary value problem was found 
using the finite element method. Based on the developed algorithms, a software 
package was created for forecasting by means of numerical experiments in the 
FreeFem++ freeware. Numerical experiments and their analysis were performed. 
Specifically, it was shown that with the presence of a system of perforated pipes for 
partial drainage of water from the middle part of the bio-plateau, the maximum relative 
difference in filtration rates reaches 5% after a year (while without such an additional 
pipe system, this difference is 25% in half a year). Proposing an internal system of 
perforated pipes, the predicted productivity of the bio-plateau should be increased. This 
allows us to assert that the adequacy of the improved mathematical model to the 
investigated physical processes is increased and thereby to reduce the negative impact 
of clogging on the filtration processes in the bio-plateau filter system. 
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INTRODUCTION 

There is no doubt about the relevance of research and 
forecasting of water purification processes. One of the 
Sustainable Development Goals adopted by the United 
Nations is Clean Water and Sanitation. Currently, 
various methods and technologies of water treatment are 
developed, corresponding mathematical and computer 
models were built, both numerical and field experiments 
are performed, efficiency proposed solutions is tested 
(Liu et al., 2020; Martynov et al., 2018; Fylypchuk et 
al., 2017; Hassan et al., 2021; Orlov et al., 2016; 
Martynov et al., 2017; Bomba et al., 2018; Bomba & 
Safonyk, 2018). One of the water purification methods 
is the use of bio-plateau filters (Moshynskyi et al., 
2018; Ji et al., 2022; Aguado et al., 2022; Gorgoglione 
& Torretta, 2018). This technology is characterized by 
low energy consumption and simplicity of operation. 

Bio-plateau filters as facilities for wastewater 
treatment, both domestic and industrial and polluted 
surface runoff, have gained popularity in various 
countries in recent years (Bondar et al., 2017; Ilyas et 
al., 2021; Monsalves et al., 2022). The advantage of 
bio-plateaus is that they require virually no consumption 
of electricity and chemical reagents or significant 
operation maintenance and provide the necessary 
quality of water purification from a wide range of 
organic and mineral pollutants. Among the methods of 
research and forecasting of water purification processes 
in bio-plateau filters, machine learning methods (Yang 
et al., 2023; Nguyen et al., 2021) are being developed 
along with mathematical and computer modeling 
(Aguado et al., 2022; Yuan et al., 2020; Soares et al., 
2022; Ramos et al., 2022; Bomba et al., 2018; Bomba & 
Safonyk, 2018). Bio-plateau filters which are used to 
purify water from organic pollution can also to be 
considered as repositories of organic carbon (humus) 
(Stepanchenko et al., 2021; Stepanchenko et al., 2023). 

The known bio-plateau designs suffer from gradual 
clogging of the pore space of the filter backfill and 
lower drainage with mineralized sediment and 
accumulation of silt in the bottom part of the structures 
(Moshynskyi et al., 2018; Wang et al., 2021; Fang et 
al., 2022). These processes reduce the supply of oxygen 
to the root system of plants which can lead to a decrease 
in the efficiency of the structures, peptization of 
sediment, and secondary water pollution. 

Restoration of the bio-plateau operation requires 
periodical maintenance related to washing and 
regeneration of filter backfill and drainage. To ensure 
the stability of the bio-plateau operation, continuous 
removal of part of the water from the layer of the filter 
backfill was proposed, followed by its cleaning and 
return to the entrance of the bio-plateau (Bondar et al., 
2017). From the viewpoint of the physics of the above 

phenomenon, the process of migration of undissolved 
particles in porous media is investigated. 

Some of the aforementioned reports propose 
mathematical models of filtration clogging processes. 

The main attention is paid to the processes of 
nanoparticle transfer and the clogging kinetics. 
However, the clogging process is accompanied by 
dynamic change in the porosity of the medium, which in 
turn affects the filtration coefficient and, indirectly, the 
entire filtration process. These effects were considered, 
and the corresponding filtration equation was modified 
in (Moshynskyi et al., 2018). Using mathematical and 
computer modeling methods, the authors investigated 
the longitudinal profile section of a bio-plateau with 
perforated pipes on top for supplying contaminated 
water and perforated pipes on the bottom for removing 
purified water. However, no studies on a presence of a 
system of perforated pipes for partial drainage from the 
middle part of a bio-plateau were reported. Numerical 
predictive calculations for the proposed technical 
improvement is the objective of this work. 

The following tasks were set to achieve this goal: (a) 
to develop a mathematical model of filtration taking into 
account clogging in the presence of a system of 
perforated pipes for partial removal of water from the 
middle part of the bio-plateau; (b) to find numerical 
finite element solutions of the corresponding nonlinear 
boundary value problem for the system of differential 
equations; and (c) to perform a series of numerical 
experiments and their analysis. 
 
Statement of the problem and its mathematical 
model 

Considering the filtration region similarly to 
(Moshynskyi et al., 2018), we encounter a number of 
computational difficulties due to the large proportion 
between the height and length of the region. Therefore, 
it is more convenient to consider the profile cross-
section of a bio-plateau with a perforated pipe for 
partial drainage of water inside the region (border Г3 in 
Fig. 1). Borders Г6 and Г5 are symmetry boundaries 
passing in the middle between the perforated pipes (Г3 

and Г'
3 in Fig. 1). 

According to (Moshynskyi et al., 2018), using 
approaches to modeling interrelated processes in (Herus 
et al., 2018), the mathematical model of filtration 
involving clogging contains the following equations: 
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Fig. 1 Problem solution región. 
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Let us supplement the bio-plateau filter system with 
an additional system of perforated pipes in the form of a 
medium drain (Г3 and Г'

3 in Fig. 1) which is placed 
inside the filter backfill. The conditions for the partial 
removal of water are set on the additional system, but 
with lower consumption than the bottom drainage. 

Eqs. (1)–(4) must be supplemented with the initial 
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Г5, Г6 are symmetry boundaries. 
 
Fluid flow is specified at the boundaries Г2 and Г3 

which may depend on time t: 
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where w (0<w<1) is a coefficient that specifies the share 
of water that is removed by the middle drainage. 
Here σ(Х,t) is soil porosity which is variable over time 
due to changes in the concentration of clogging 
particles; s (X,t) is the mass concentration of clogging 
particles ([s]=kg/m3, the mass per unit volume of 
particles that are associated with the soil skeleton); c is 
the concentration of the suspension that is filtered 
([c]=kg/m3, the mass of suspension particles in a unit 
volume of pore liquid); ρs is the density of clogging 
particle material; ρp=ρp(c) is the density of the pore fluid 
(suspension) which depends on the concentration of 
suspension particles c; kh=kh(c,σ) is the filtration 
coefficient which depends on the suspension 
concentration and porosity; h is the pressure in the pore 

fluid; Dc is the dispersion coefficient of particles in 
porous suspension; a is the particle adhesion rate 
coefficient; β is the particle detachment rate coefficient; 
σs is the porosity of the porous medium which consists 

only of clogging particles;  
 are known functions. 

The finite element method (FEM) was used to find 
the approximate solution of the present boundary value 
problem. 

 
THE RESULTS OF RESEARCH ON THE 
FILTRATION PROBLEM INVOLVING 
CLOGGING 
 
Numerical solution of the formed mathematical 
model of filtration involving clogging 

 
The weak formulation of the boundary value problem is 
as follows. Let us multiply Eq. (1) by the test function 
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 Let us multiply Eq. (2) and the initial condition for 

the concentration of the suspension by the test function 
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Finding an approximate generalized solution of the 
obtained problem requires applying time discretization 
(for more detailed information, see (Moshynskyi et al., 
2018; Michuta et al., 2020)). 
 
The results of numerical experiments on the solution 
of the filtering problem taking into account occlusion 
 
The distribution of pressures taking into account the 
effect of clogging in the presence of a system of 
perforated pipes for partial drainage of water from the 
middle part of the bio-plateau is shown in Figs. 2−5. 
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Numerical experiments show that the maximum relative 
difference in filtration rates with and without taking into 
account the effect of clogging is about 5% after one year 
of the bio-plateau operation. 
 
DISCUSSION OF THE RESULTS OF 
NUMERICAL EXPERIMENTS 
 
The research showed, if on the example of a model 
problem, that it is relevant at the design stage to study 
the clogging processes that occur in the bulk of the bio-
plateau filter backfill during the filtration of polluted 
water. These processes significantly affect the 
efficiency of the bio-plateau filter. The used 
mathematical and computer modeling tools allow 
considering the non-linear interactions of the parameters 
of both the porous medium and of the processes 
themselves. This enables significant economy of 
resources and time for performing field experiments. 

Numerical experiments show that the maximum 
relative difference in filtration rates in the presence of a 
system of perforated pipes for partial removal of water 
from the middle part of the bio-plateau reaches 5% after 
a year. Previous numerical experiments of the authors   
with a similar model problem but without a system of 
pipes (Moshynskyi et al., 2018) showed that the 
maximum relative difference in the values of the 
filtration rates was about 25% in half a year. Taking into 
account the proposed internal system of perforated pipes 
should increase the predicted productivity of the bio-
plateau. This allows us to assert that the adequacy of the 
mathematical model to the investigated physical 
processes has increased. The nonlinearity of the 
developed model disables analytical solutions of the 
corresponding  boundary  value  problem.  That  is 
precisely why it is advisable to employ mathematical 
and computer modeling and thus evaluate the effect of 
the considered factors without performing field 
experiments. 

 
CONCLUSIONS 

1. An improved mathematical model of water 
treatment in the bio-plateau was formed based on a 
filtration profile scheme, which takes into account the 
removal of part of the water from the bulk of the bio-
plateau filter backfill, which allows predicting the 
stability of its operation during a long period of 
operation. 

2. Numerical solutions of the corresponding 
nonlinear boundary value problem were found using the 
finite element method realized in the FreeFem++ 
freeware. The use of FreeFem++ enables partial 
automation of the software implementation of

algorithms for solving nonlinear boundary value 
problems for systems of partial differential equations. 
Specifically, one of the advantages of the used 
environment is the automatic covering of areas with a 
grid of triangular finite elements, as well as the 
automatic reduction of the problem in a weak 
formulation to a system of linear algebraic equations. 

3. Computer modeling showed that the maximum 
relative difference in filtration rates is only 5% after a 
year with the system of perforated pipes for partial 
removal of water from the middle part of the bio-
plateau. The mathematical model and the proposed 
engineering solutions increase the adequacy of the 
results to the investigated physical processes and 
thereby reduce the negative impact of clogging. 
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Fig. 2 Distribution of pressures in the bio-plateau backfill after 360 days. 

 
 

 
Fig. 3 Difference of the pressure distribution with and without taking into account the effect of clogging in the presence of a system 
of perforated pipes for the partial drainage of water from the middle part of the bio-plateau after 360 days. 
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Fig. 4 Distribution of the difference in filtration rates with and without taking into account the effect of clogging in the presence of  
a system of perforated pipes for partial drainage of water from the middle part of the bio-plateau after 360 days. 
 
 

 
Fig. 5 Distribution of the relative difference in filtration rates with and without taking into account the effect of clogging in the 
presence of a system of perforated pipes for partial drainage of water from the middle part of the bio-plateau after 360 days. 
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